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In this paper, we pose and solve two problems concerning the distribution of 
given sets of integers into k-tuples with prescribed conditions, which are generali- 
zations of two well-known difference problems of Heffter. Solutions to these 
two problems play an important role in the authors’ construction of neighbor 
designs for use in serology. 
1. IN-~RODUCTI~N 
Let I, denote the set of positive integers (1, 2,..., n) and ZnA the multisetl 
consisting of X copies of Z, . The problem concerning the distribution of InA, 
or some particular submultiset of InA, into m k-tuples satisfying certain 
prescribed conditions has been investigated extensively in the literature in 
connection with the construction of various kinds of combinatorial designs. 
(See Skolem [15], Langford [S], Priday [ll], Hanani [l], Hilton [3], and an 
excellent survey by Roselle [14].) In particular, the following two problems 
are well known: (1) The first Heffter’s difference problem (FHDP) [2,9, lo]: 
Distribute lsrn into m triples such that for each triple (a, b, c), either (i) a + 
b = c or (ii) a + b + c = 6m + 1. (2) The second Heffter’s difference 
problem (SHDP) [2, 9, lo]: Distribute 1s,,,+1 - (2~ + l} into m triples such 
that for each triple (a, b, c), either(i) a + b = c or (ii) a + b + c = 6m + 3. 
It was first shown by Heffter [2] that solutions to (1) or (2) can be used to 
construct Steiner triple systems with z! = 602 + 1 or c = 6m + 3, respec- 
tively. Solutions to problem (1) for every m >, 1 and to problem (2) for every 
m > 1 were first found by Pettersohn [lo]. Later, different ways to construct 
other solutions to both problem were found by Rosa [13] and the authors [4]. 
In this paper, we pose and solve two problems which are generalizations 
of (1) and (2). The motivation for these generalizations is shown in Section 9, 
where we relate the solutions to these problems to the construction of a class 
1 See Knuth [7, p. 480, Example 191 for the definition and some discussions of multisets. 
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of combinatorial designs known as neighbor designs. Before we state the two 
problems, we first introduce a definition. 
A k-tuple of positive integers a = (al , a, ,..., aJ is said to o-sum to w if 
there exists a k-tuple u = (crl , uf ,..., 
C: aiai = w. Equivalently, (al , a2 ,..., 
ofi) with CJ~ = &l such that u * a = 
ak) u-sums to w if there is a sign 
assignment to the ai’s such that the sum of the elements in the resulting 
k-tuples is M’. 
Problem I. Distribute InA into k-tuples such that each k-tuple o-sums to 0 
or 2n + 1. 
Problem II. Let 2n + 1 = ks, S = {s, 2s,..., [(k - 1)/2]s}, the set of all 
multiples of s in I, . Distribute I, - S into k-tuples such that each k-tuple 
a-sums to 0 or 2n + 1. 
Given any triple (a, b, c), a < b ,( c ,< n, it is clear that (a, b, c) u-sums 
toOor2n + 1 ifandonlyifa + b = cora + b + c = 2n + 1, respectively. 
Hence problem I reduces to problem (1) when n = 3m, k = 3, X = 1, and 
problem II reduces to problem (2) when II = 3m + 1, k = 3. 
The cases with k < 3 can easily be dealt with and are also not very inter- 
esting. It is clear that problems I and II have no solution for k = 1, and for 
k = 2, problem I has a solution if and only if h is even. We remark here that 
k and s must both be odd in problem IT. For k > 3, it is clear that a necessary 
condition for problem I to have a solution is that Xn 3 0 (mod k), obtained 
simply by counting the number of elements involved. Also, problem II has 
no solution for n = 4 and k = 3 since (1,2,4) cannot a-sum to 0 or 9. 
It is surprising, however, that these obvious necessary conditions are also 
sufficient for problems 1 and II to have solutions. We restate these as theorems 
below and prove the sufficiency parts by construction in subsequent sections. 
THEOREM 1. Let k > 3, then InA can be arranged into k-tuples such that 
each k-tuple u-sums to 0 or 2n + 1 ifand only ifA, = 0 (mod k). 
THEOREM 2. Let k > 3, 2n + 1 = ks, S = {s, 2s ,..., [(k - 1)/2]sj. Then 
I, - S can be arranged into (s - 1)/2 k-tuples such that each k-tuple u-sums 
to 0 or 2n + 1 with the exception only of n = 4 andk = 3. 
2. NOTATION 
We shall denote by A*(n, k, A) any solution to problem I, i.e., an arrange- 
ment of ImA into k-tuples such that each k-tuple u-sums to 0 or 2n + 1. Tn 
particular, if all k-tuples a-sum to 0, we call the resulting array of k-tuples a 
2-balanced (n, k, A) array and denote it by A@, k, A). It is clear that all 
A(n, k, A)‘s are A*(n, k, /\)‘s, but not vice versa. Similarly, we denote by 
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C(n, k) any solution to problem II. For convenience, we shall also regard 
arrays A@, k, X), A*(n, k, X), and C(n, k) as m x k matrices whose rows are 
the respective k-tuples. In displaying these arrays explicitly, we shall indicate 
by a (*) all those rows (k-tuples) that u-sum to 2n + 1. To show that the k- 
tuples a-sum to 0 or 2n + 1, we shall indicate the sign assignments of the 
elements either generally, or explicitly, with & meaning the sign attached to ai 
is -1 (and leave the verification by addition to the reader). 
For example, the following is an A*(6, 3, 1): 
(1, 393) 
(2, 5, 6)* 
while it can easily be seen that A(6, 3, 1) does not exist. 
3. PREVIOUS RESULTS AND REDUCTION LEMMAS 
In [5], we proved the following theorem concerning the existence of 
2-balanced (n, k, X) arrays. 
THEOREM 3. Let k 3 2 and n > 1, then A(n, k, h) exists if and only if 
n, k, h satisfy the following conditions: 
(a) Xn E 0 (mod k), 
(b) Xn(n + 1) = 0 (mod 4), 
(c) h = 0 (mod 2) ifk = 2, 
(d) n > 2 ifk = 3. 
Also, in [4], we constructed A*(n, 3, X)‘s for all n, h satisfying nX 5 0 
(mod 3). To avoid lengthy repetitions, we shall refer the reader to those 
constructions as they are needed in this paper. 
In order to reduce the tedious effort of construction, we establish below 
a set of lemmas from which we can deduce the construction of large classes 
of A*(n, k, X)‘s or C(n, k)‘s from some “previously” constructed ones. 
For convenience, we let “HI 3 H,” where HI and H, are various collections 
of arrays denote the statement “if we can construct the arrays in HI , then 
we can construct the arrays in H, .” 
LEMMA 1. iA *h k U, A *(n, k Ul * A *(n, k, A, + U. 
ProoJ The rows (k-tuples) of A*(n, k, X,) together with the rows of 
A*(n, k, h,) form an A*(n, k, X, + X,). 
COROLLARY 1.1. A*(n, k, h) Z- {A*(n, k, tX), t = 1, 2 ,... }. 
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LEMMA 2. Zf k,/h, = k,/X, , then (A *(n, k, , h,), A *(n, k, , hJ] ~5 A*(n, 
kl + k, , A + U 
Proof. Since k,/h, = k,/h, , we see that A*@, k, , h,) (abbreviated A,*) 
and A*(n, k, , h,) (abbreviated A$) both have m rows (m = nh,/k, = 
r&/k,). Let R be the m x (k, + k,) matrix whose ith row is the ith row of 
AT concatenated with ith row of A$. It is clear that each row of R o-sums to 0 
or 2n + 1 and hence R is an A*@, k, + k, , h, + h,). (If both the ith rows of 
AT and A$ u-sum to 2n + 1, then the ith row of R o-sums to 0.) 
COROLLARY 2.1. A *(n, k, h) 3 {A *(n, tk, th), t = 1, 2 ,... }. 
We shall refer to constructions using methods analogous to those in 
Lemmas 1 and 2 as vertical and horizontal compositions, respectively. Also, 
we shall use the notation H = HI $ H, to denote that H can be constructed 
from HI and H, by horizontal composition. Similarly for H = HI 7 H, _ 
For example, A*(n, 5, 5) = A *(IT, 3, 3) $ A(n, 2, 2). 
LEMMA 3 (the even-even lemma). Zf k = X = 0 (mod 2) and nh s 0 
(mod k), then we can construct an A(n, k, X). 
Proof: The construction is trivial since the rows of A(n, k, h) can consist 
of elements from ZrL1\ occurring in pairs. 
In the following, let g = (k, h), the gcd of k and h, k* = k/g, X* = X/g. 
Let N(k, h) be the set of all positive integers 12 such that n)c E 0 (mod k). 
It is clear that N(k, h) consists of all multiples of k*. Also, let A*(N, k, X) 
denote a set of A*(n, k, h)‘s for all PZ E A+, h). 
Lemmas 4 and 5 below reduce the construction of A*(N, k, X), k >, 7, to 
the construction of A*(N, k, h) with 3 < k < 6. 
LEMMA 4. Let k > 7, g = (k, h), k* = k/g, h* = X/g. Then 
(1) A*(N, k*, h*) + A*(N, k, h) if k* 3 3, 
(2) A*(N, 6, 3h*) > A*(N, k, h) if A*=2 7 
(3) A*(N, 3, 3h*) =- A*(N, k, h) if k*=l. 
ProoJ We may assume g = 1 (mod 2), otherwise A*(N, k, X) can be 
constructed by the even-even lemma. Part (1) follows from Corollary 2.1, 
To prove (2), note that N(6, 3X*) E N(k, h) and A*(n, k, h) = A*@, 6, 
3h*) $- A(n, k - 6, h - 3h*). Since k - 6 = k*g - 6 = 2(g - 3), X - 3h* = 
h*(g - 3) are both even, A(n, n - 6, X - 3h*) can be constructed by the 
evenkeven lemma. Similarly for (3), we have N(3, 3h*) E N(k, h) and 
A*(n, k, h) = A*(n, 3, 3h*) $ A(n, k - 3, h - 3X*). 
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LEMMA 5. Let (k, h) = 1, k > 7. Determine the integer I so that 3 < 
k - 41 < 7. Then 
A*(N, k - 41, h) = A*(N, k, h). 
Proof. Let n E N(k, h). Then hn = km. Since (k, h) = 1, we must have 
n = ka and m = Xa for some a. Let n’ = n - 4al = (k - 41)a, then 
n’h = 0 mod(k - 42) and n’ E N(k - 41, X). From an A*(n - 4aI, k - 41, h), 
which by assumption we can construct, we construct A*(n, k, h) as follows: 
The elements in the multiset I,,A which are not in Zidal , namely, h copies 
of each of the 4al integers from n - 4al+ 1 to n, can be grouped into 
2aZh pairs (pi , qi) such that pi + qi = 2n - 4aZ + 1, (This can be done by 
pairing n - 4al+ 1 + j with n - j.) They are then placed into an m x 41 
matrix B such that each row of B contains 21 such pairs. A horizontal com- 
position of A*(n - 4a1, k - 41, X) with B produces an m x k matrix B* 
which we show is an A*(n, k, X) by indicating a sign assignment to the 
elements of B* so that it is clear that each row of B u-sums to either 0 or 
2n + 1. Each row of B*, say r*, consists of a row of A*(n - 4a1, k - 41, A), 
say r, and 21 pairs of numbers from a row of B. If r u-sums to 0, we keep the 
same sign assignments for the elements of r and assign + 1 to 1 pairs of num- 
bers from B and - 1 to the remaining I pairs. It is then clear that r* u-sums 
to 0. If r u-sums to 2n - 8aZ + 1 = 2n’ + I, we change the sign of each 
element in r and assign $1 to I + 1 pairs of numbers from B and -1 to 
the remaining I - 1 pairs. It is then clear that r* u-sums to -(2n - 8al + 
1) + 2(2n - 4aZ + 1) = 2n + 1. Hence B* is indeed an A*(n, k, h) and 
Lemma 5 is proved. 
For example, to construct A*(14, 7, 1) we construct 
A*(6,3, 1) = (; ; ;,*, B = ; ( ;; l; ;;), 
and thus 
134714 
A*(14, 7, 1) = 
3 6 9 12 10 
A similar construction enables us to construct C(n, k)‘s with k > 7 from 
C(n, k)‘s with k = 3 or 5. We state the result as: 
LEMMA 6. Let 2n + 1 = ks, k > 7. Determine the integer I so that 
3 < k - 41 < 7. Then 
C(n - 2Zs, k - 41) * C(n, k). 
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ProoJ We have 2(n - 21s) + 1 = (k - 41)s so that C(n - 2Is, k - 41) 
and C(n, k) both have m = (s - I)/2 rows. In the construction of C(n - 21s, 
k - 41) we distributed In--BEs - S’ where S’ = (s, 2s,..., [(k - 41 - 1)/2]s} 
into an m x (k - 41) matrix whose rows u-sum to 0 or 2n - 41s + 1. To 
construct C(n, k), we need to arrange I, - S where S = {s, 2s,..., 
[(k - 1)/2]s} into an m x k matrix whose rows u-sum to 0 or 2n + 1. As 
in the proof of Lemma 5, the elements in I, - S and not in In--21s - S’ 
consist of {n - 21s + 1, n - 21s + 2 ,..., n> with ([(k - 41 + I)/21 s ,..., 
[(k - 1)/2]s} removed, a set of 21s - 21 = 2Z(s - 1) numbers which again 
can be grouped into Z(s - 1) pairs (pi , qi) with pi + qi = 2n + 1 - 21s. 
This can be seen by observing that the removed elements {[(k - 41+ 1)/2]s,..., 
[(k - 1)/2]s) are symmetrically located with respect to the middle of the 
interval from n - 21s + 1 to n. The rest of the proof is entirely similar to 
that of Lemma 5. 
We remark here that since C(4, 3) does not exist, we construct below a 
C(10, 7) so that C(4 + 61, 3 + 41)‘s can be constructed from it for 1 > 2 by 
exactly the same methods. We have II0 - S = (1, 2,4, 5, 7, 8, 10) and 
C(10, 7) = (1 2 4 5 7 8 IO)*. Hence 
C(16, 11) = (1 2 4 5 7 8 m 11 16 13 14), 
-- 
C(22, 15) = (1 2 4 5 7 8 Ti5 11 22 13 20 14 19 16 17)*, 
etc. 
4. CONSTRUCTION OF A*(N, 3, A) 
Case I. (3, X) = 1. Here N(3, X) consists of all multiples of 3. In view of 
Corollary 1.1, we need only consider the case h = 1. These constructions are 
given in [4, Case I, (l)-(4), p. 891 where it = 3t, a = 2n + 1. Note that 
triples that u-sum to 2n + 1 are indicated by a (*) and u = (1, 1, - 1) 
for triples that u-sum to 0, u = (1, 1, 1) for triples that are starred. 
Case II. (3, h) = 3. Here N(3, h) is the set of all positive integers. Again, 
by Corollary 1.1, we need only consider the case h = 3. We discuss briefly 
the following subcases. 
(11.1) IZ = 12w, 12w + 3, 12w + 6, 12w + 9. 
By Corollary 1.1, we can use three copies of an A*@, 3, 1) constructed 
from Case I to obtain an A*(n, 3, 3). 
(11.2) n = 12w + 1, 12w + 4, 12~ + 7, 12w + 10. 
Here we note that the triples constructed in [4, Case II, (l)-(4) p. 891 with 
the triples subscripted by v/3 removed are precisely the triples of a C(n, 3) 
with s = 2t + 1, except when n = 4. Hence an A*(n, 3,3) can be constructed 
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for these values of n by using three copies of the corresponding C(n, 3) 
together with the triple (2t + 1,2t + 1,2t + l)*. The exceptional case is 
taken care of by the following A*(4, 3, 3): (1,2, 3), (1, 3,4), (1, 3,4), (2, 2,4). 
(11.3) II = 12~ + 2, 12~ + 5, 12~ + 8, 12~ + 11. 
These four cases are constructed in [4], pp. 91-93, Cases I-IV, respectively, 
Finally, we mentioned that for n = 0, 3 (mod 4), A(n, 3, 1)‘s with n = 0 
(mod 3) and A(n, 3, 3)‘s with n > 2 have also been constructed in [5], 
where we also suggested a scheme to check in general that each set of 
k-tuples listed for an A@, k, X) is indeed a distribution of InA into those 
k-tuples. We hope some readers will do so for at least a few cases. Although 
none of the constructions are explicitly given here for k = 3, new construc- 
tions will be given for k = 5 in Section 6. 
5. CONSTRUCTION OF A*(N, 4,h) 
We may assume (4, h) = 1, otherwise an A(n, 4, h) can be constructed by 
the even-even lemma. From Corollary 1. I, we need only construct A*+, 4, 1) 
for n = 4w, w > 0. The 4-tuples are: 
(1 + 4j, 4 + 4j, 2 + 4j, 3 + 4j), j = 0, 1, . . ., w - 1. 
With u = (1, 1, - 1, - l), we see that all rows o-sum to 0, and hence the 
A*@, 4, X)‘s so constructed are also A(n, 4, X)‘s. 
6. CONSTRUCTION OF A*(N, 5,h) 
Case I. (5, X) = 5. In view of Corollary 1.1, we need only consider the 
case X = 5. Since N(5, 5) = N(3, 3) = N(2, 2), we can use the A*(N, 3, 3)‘s 
constructed in Section 4 and the A(N, 2,2)‘s constructed by the even-even 
lemma to construct these A*(N, 5, 5). Schematically, for all n E N(5, 5), 
A*@, 5, 5) = A*@, 3, 3) 4 A@, 2,2). 
Case II. (5, X) = 1. Again by Corollary 1 .I, we need only consider 
the case h = 1. Here N(5, 1) = {5t, t = 1, 2 ,... }. For n = 20~ or 20~ + 15, 
A@, 5, 1)‘s exist and their constructions are given in [5]. The case for 
n = 2Ow + 5 and 2Ow + 10 are given below, with the understanding that 
0 = (1, I, 1, 1, - 1) for 5-tuples that o-sum to 2n + 1 (indicated by a (*)) and 
u = (1, 1, 1, -1, -1) otherwise. 
582a125/2-2 
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(1) n = 20~ + 5, w 3 0. The 5-tuples are: 
(1 +j, 10~ + 4 +j, 14~ + 4 +j, 6~ + 3 +j, 18~ + 6 + 2j), 
j = 0, I,..., w - 1; 
(w + 1 +j, 11~ + 4 +j, 15~ + 4 +j, 9~ + 4 +j, 18~ + 5 + 2j), 
j = 0,l )..., w - 1; 
(2~ + 2 + j, 4~ + 2 + j, 13~ + 4 + j, 3~ $ 2 + j, 16~ + 6 + 2j), 
j = 0, I,..., w - 1; 
(5w+2+j,7w+3+j,12w+4+j,8w+4+j,l6w+5+2j), 
j = 0, I,..., w - 1; 
(2w + 1, 8w + 3, 16w + 4, 2Ow + 5, 6w + 2)*. 
For example, with w = 1, we have the following A*(25, 5, 1): 
(1, 14, 18, 9, 24) 
(2, 15, 19, 13, 23) 
(4, 6, 17, 5, 22) 
(7, 10, 16, 12, 21) 
(3, 11, 20, 25, 8)*. 
With w = 0, the first four lines in the above construction becomes vacuous, 
and the last line gives the following A*(5, 5, 1): explicitly, (1, 3,4, 5,2)*. 
Note that A(20w + 5, 5, 1) does not exist. 
(2) n = 2Ow + 10, w > 0. The 5-tuples are: 
(1 + j, low + 7 + j, 14~ + 7 + j, 6w f 5 + j, 18~ + 10 + 2j), 
j = O,..., w - 1; 
(w + 2 + j, llw + 7 +j, 15~ + 7 +j, 9w + 7 -I-j, 18, + 9 + 2j), 
j = o,..., w - 1; 
(2~ + 2 + j, 4w + 3 + j, 13w + 7 f j, 3~ + 3 + j, 16w + 9 + 2j), 
j = O,..., w - 1; 
(5w + 5 + j, 7~7 + 5 + j, 12w + 7 +,j, 8~7 + 7 + j, 16w + 10 + 2j), 
j=O )...) w - 1; 
(w + 1, 5w + 3, 5w + 4, 3w + 2, 8w + 6); 
(8w + 5, 16w + 7, 16w + 8,2Ow + 10,2Ow + 9)*. 
For example, 
(1, 3,492, 6) 
(5, 7, 8,10,9)* 
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is an A*(lO, 5, 1) while 
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(1 27 35 17 46) 
(2 28 36 18 48) 
(4 29 37 25 45) 
(5 30 38 26 47) 
(6 11 33 9 41) 
(7 12 34 10 43) 
(15 19 31 23 42) 
(16 20 32 24 44) 
(3 13 14 8 22) 
(21 39 40 50 49)* 
is an A*(50, 5, 1). 
7. CONSTRUCTION OF A*(N, 6,h) 
We may assume A is odd, otherwise we can construct A*(N, 6, A) by the 
even-even lemma. By Corollary 1 .I we need only to consider X = 1 or 3. 
Given Z,” with nX = 6m, consider the 6m number arranged in a non- 
decreasing order. Let 2, be the first 2m numbers, 2, the next 2m numbers, 
and Z3 the last 2m numbers. It is clear that numbers from 2, and Z, can be 
arranged into 2m pairs (ai , bJ, i = l,..., 2m, such that ai + bi = n + 1, 
and numbers from Z, can be arranged into m pairs (ci , di), i = l,..., m, 
such that ci + 1 = di . We then arrange these 3m pairs into m 6-tuples such 
that each 6-tuple contains two pairs constructed from Z, and Z, , and one 
pair constructed from Z, . It is clear that each 6-tuple so constructed g-sums 
to 2n +- I, and hence the m 6-tuples form an A*(n, 6, h). 
For example, to construct an A*(4,6, 3), we have Ze3 = (1, 1, 1, 2, 2, 2, 
3, 3, 3, 4, 4, 4} with Z, = (1, 1, 1,2), Z, = {2,2, 3, 31, Zs = {3,4,4,4}. Then 
is an A*(4, 6, 3). 
(1,4,1,4,2,3)* 
0,4,2,3,2,3* 
8. CONSTRUCTION OF C(n, 3) 
Let n # 4, 2n + 1 = 3s, s = 2t + 1. Then n = 3t + 1, t > 1, and we 
have already described their constructions in Section 4, Case 11.2. 
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9. CONSTRUCTION OF C(n, 5) 
Let 2n + 1 = 5s, s = 2t + 1, then n = 5t + 2, S = (2t + 1,4t + 2). 
We have the following four cases: 
Case I. t = 4~; n = 20~ + 2, S = (8~ + 1, 16~ + 2). The 5-tuples are 
[a = (1, 1, 1, -1, -1) for 5-tuples that g-sum to 0, and (T = (1, 1, 1, 1, -1) 
for 5-tuples that o-sum to 2n + 1 throughout this section]: 
(1 +j, 10~ + 1 +j, 14~ + 2 +j, 6w + 1 + j, 18w + 3 + 2j), 
j = 0,l )...) w - 2; 
(w + 1 + j, llw + 1 +j, 15~ + 1 +j, 9w + 1 -L j, 18~ + 2 + 2j), 
j = 0, I,..., w - 1; 
(2w + 1 + j, 4w + 1 + j, 13w + 2 + j, 3w f 1 + j, 16~ + 3 + 2j), 
j = 0, l,..., w - 1; 
(SW + 1 + j, 7w + j, 12~ + 2 + j, 8w + 1 + j, 16~ + 2 + 2j), 
j = I,..., w - 1; 
(w, Ilw, 12~ + 1, 8w, 16w + 1); 
(5w + 1, 7w, 2ow + 2, 12w + 2, 2ow + 1). 
Note that we constructed this C(n, 5) by taking the A(20w, 5, 1) constructed 
in [5], and replaced the 5-tuple (5w + 1, 7w, 12w + 2, 8w + 1, 16~ + 2) by 
the 5-tuple (5w + 1, 7w, 2Ow + 2, 12w + 2, 2Ow + 1). 
Case II. t = 4w + 1, n = 2Ow + 7, S = (8w + 3, 16~ + 6). 
The 5-tuples are: 
(1 + j, low + 5 + j, 14w + 5 + j, 6w + 3 + j, 18~ + 8 + 2j), 
j = 0, I,..., w - 1; 
(w + 2 + j, Ilw + 5 + j, 15~ + 6 + j, 9w + 4 + j, 18w + 9 + 2j), 
j = 0, I,..., w - 1; 
(2w + 2 + j, 4w + 3 + j, 13w + 5 + j, 3w + 2 + j, 16~ + 8 + 2j), 
j = 0,l )...) w - 1; 
(5w + 3 + j, 7w + 3 + j, 12w + 5 + j, 8w + 4 + j, 16~ + 7 + 2j), 
j = 0, l,..., w - 1; 
(w + 1, low + 4, 15~ + 5, 18w + 7,4w + 2)*. 
For example, w = 0 gives (1, 4, 5, 7, 2)* as a C(7, 5), w = 1 gives the 
following C(27, 5) 
(1 15 19 9 26) 
(3 16 21 13 27) 
(4 7 18 5 24) 
(8 10 17 12 23) 
(2 14 20 25 6 )*. 
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Case 111. t = 4w + 2, n = 20~ + 12, S = (8w + 5, 16w + 10). 
The 5-tuples are: 
(1 +j, low + 7 +j, 14w + 8 +j, 6w + 4 +j, 18w + 12 + 2j), 
j = 0, I,..., w; 
(w + 2 +,j, llw + 8 +j, 15~ + 10 +j, 9w + 7 +j, 18w + 13 + 2j), 
j = 0, l,..., w - 1; 
(2w + 3 +j, 4w + 4 +j, 13w + 8 +j, 3w + 3 +j, 16w + 12 + 2j), 
j = 0, l,..., w - 1; 
(5w+4+j,7w+5+j,12w+8+j,8w+6+j,16~+11+2j), 
j = 0, I,..., w - 1; 
(2w + 2,9w + 6, 15w + 9, 18~ + 11, 4w + 3)*. 
For example, w = 0 gives the following C(12, 5) 
(1 7 8 4 12) 
(2 6 9 11 3 )*. 
Case IV. t = 4w + 3, IZ = 2Ow + 17, S = (8w + 7, 16w + 14). 
As in Case I, we take the A(20w + 15, 5, 1) constructed in [5] and replace 
the 5-tuple 
(5w + 5, 7w + 6, 12w + 10, 8w + 7, 16w + 14) 
by the 5-tuple 
(5w + 5, 7w + 6, 2Ow + 16, 12w + 10, 2Ow + 17) 
to form a C(2Ow + 17, 5). 
This completes all constructions needed to prove Theorems 1 and 2. 
10. APPLICATIONS 
The main motivation for considering problems I and II is that their 
solutions A*(n, k, X) and C(n, k) are basic to the construction of neighbor 
designs. A neighbor design is an arrangement of r copies of each of u varieties 
into b circular blocks of size k > 1 such that neighboring objects in, each 
block are distinct and every pair of distinct varieties appears as neighbors in 
the set of circular blocks exactly X times. Neighbor designs were first intro- 
duced by Rees in [12] as experimental designs for use in serology. We refer 
the readers to [5, 61 for a detailed discussion on the history of their construc- 
tions. In particular, we proved in [6, Theorems 1 and 21 that 
(1) A*@, k 4 * NWu, k, A), 
(2) w&P> * NWU,P, 1) (p an odd prime) 
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where v = 2n + 1 and ND(v, k, A) denotes a neighbor design with parameters 
z’, k, and A. Finally, we mention that neighbor designs for k = 3 are usually 
called triple systems and that there is a one-to-one correspondence between 
a neighbor design ND(v, k, A) and the edge cover of a complete multigraph 
K,” by k-cycles, [5, 61. 
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